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Amethod of potentially wide application is developed for deriving analytical expressions of
the elastic interaction between a screw dislocation dipole or a concentrated force and a
crack cutting perpendicularly across the interface of a bimaterial. The cross line composed
of the interface and the crack is mapped into a line, and then the complex potentials are
educed. The Muskhelishvili method is extended by creating a Plemelj function that
matches the singularity of the real crack tips, and eliminates the pseudo tips’ singularity
induced by the conformal mapping. The stress ﬁeld is obtained after solving the Rie-
mann–Hilbert boundary value problem. Based on the stress ﬁeld expressions, crack tip
stress intensity factors, dislocation dipole image forces and image torque are formulated.
Numerical curves show that both the translation and rotation must be considered in the
static equilibrium of the dipole system. The crack tip stress intensity factor induced by
the dipole may rise or drop and the crack may attract or reject the dipole. These trends
depend not only on the crack length, but also on the dipole location, the length and the
angle of the dipole span. Generally, the horizontal image force exerted at the center of
the dislocation dipole is much smaller than the vertical one. Whether the dipole subjected
to clockwise torque or anticlockwise torque is determined by whether the Burgers vector
of the crack-nearby dislocation of the dipole is positive or negative. A concentrated load
induces no singularity to crack tip stress ﬁelds as the load is located at the crack line. How-
ever, as the concentrated force is not located on the crack line but approaches the crack tip,
the nearby crack tip stress intensity factor KIIIu increases steeply to inﬁnity.
 2008 Elsevier Ltd. All rights reserved.1. Introduction
The inﬂuence of dislocations near a crack tip is very important in fracture mechanics. Thus, many theoretical and exper-
imental researchers have studied the elastic interaction between dislocations and cracks, e.g., Louat (1965), Majumdar and
Burns (1981), Chu (1982), Lung and Wang (1984). Previous attention was mainly focused on the interaction of a monopole
with a crack. Recently, interactions between the dislocation dipole and crack have been investigated under various condi-
tions. Such as a semi-inﬁnite crack with an edge dislocation dipole (Shiue and Lee, 1985; Ballarini and Denda, 1988), a sur-
face crack with a screw dislocation dipole (Juang and Lee, 1986; Lin et al., 1988), and a screw dislocation dipole with a sharp
crack emanating from a surface semi-elliptic hole (Yang et al., 1995).
As to the knowledge of the authors, research on the problem of a dislocation dipole interacting with an interfacial crack is
seldom reported. However, interface failures are common features in advanced materials, such as ﬁber or particle reinforced
composites, metal and ceramics interfaces, laminated ceramics, packaging materials, and so on. The design process of those. All rights reserved.
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characteristics of cracks along or perpendicular to the interface.
Many researchers have investigated the interaction between an interface and a crack with various methods. Xiao and
Zeng (1997), and Xiao et al. (2003) developed a method for reducing integral transformed equations of boundary value prob-
lems to standard Hilbert singular integral equation groups to analyze the plastic interfacial fractures. Zak and Williams
(1963) used the eigenfunction expansion method to analyze the stress singularity at the tip of a crack, perpendicular to
and terminating at the interface. Cook and Erdogan (1972) used the Mellin transform method to derive the governing equa-
tion of ﬁnite cracks perpendicular to an interface and obtained the stress intensity factors. Erdogan and Biricikoglu (1973)
solved the problem of two bounded half planes with a crack going through the interface. Bogy (1971) investigated the stress
singularity of an inﬁnite crack terminated at the interface with an arbitrary angle. Wang and Ståhle (1998) used the
dislocation simulation approach to investigate a crack perpendicular to and terminating at the bimaterial interface. Lu
and Erdogan (1998) reported their work solving Cauchy integral equations for a symmetric problem of a bimaterial with
the interface broken by a crack. Chen (1994) used the body force to determine the stress intensity factors for a crack normal
to and terminated at the bimaterial interface. Vlassak (2003) analyzed the problem of a crack in a coating on a compliant
substrate of ﬁnite thickness by employing a dislocation accumulation method. Chen et al. (2003) used a dislocation simula-
tion approach to derive the basic equations for a crack perpendicular to the interface in a ﬁnite solid. Chen et al. (2005)
solved the problem of a crack perpendicular to and terminating at an interface in bimaterial structure with ﬁnite boundaries
by employing dislocation simulation method and boundary collocation approach. Ouyang and Lee (1996) presented an anal-
ysis of screw dislocations near a crack penetrating through an interface based on the solution of a homogeneous solid.
However, no analytical solution of the interaction between a dislocation dipole and crack crossing the interface in a bima-
terial is available. Material failures are frequently accompanied with this interaction. Therefore, the research on it is essential
for us to have a good understanding of the mechanism of material fractures and damages.
In this paper, we obtain a closed form of the exact solution for problems concerning the interaction between a crack, cut-
ting perpendicularly across the interface of the bimaterial, and a screw dislocation dipole or a concentrated force by extend-
ing the Muskhelishvili method (Muskhelishvili, 1975). The problems analyzed by Lu and Erdogan (1998), Chen et al. (2003),
Ouyang and Lee (1996) and Zhang and Deng (2007) seem close to those investigated in this article. However, they are rather
different in method compared to our analysis.
2. Interaction between a dislocation dipole and a mode III crack
2.1. Statement of the boundary problem and mapping
The problem is shown in Fig. 1. An inﬁnite bimaterial contains a dislocation dipole located at z0 in Fig. 1(a). The Cartesian
right-angle coordinate system oxy is built up with x-axis lying on the material’s interface. The interface is broken by a per-
pendicular crack with length of 2a. The shear moduli of the materials occupying the upper region s+ and the lower region s
are Gu and Gl, respectively.
The screw dislocation dipole consists of two dislocations. One is at z1 = x1 + iy1, where i is the imaginary unit, with Burgers
vector bz (directed outwards of the page). The other is at z2 = x2 + iy2 with Burgers vector bz (directed inwards of the page).
Both dislocation lines are perpendicular to the x–yplane and extended to inﬁnity, z0 = x0 + iy0 is the position of the center of
the dipole, and the distance between the two dislocations is 2c.L’ L’ L ξ 
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Fig. 1. Complex mapping of an inﬁnite bimaterial containing a screw dislocation dipole and a crack across interface (a) before mapping and (b) after
mapping.
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ways maintained. The interface l0 = (1,0) [ (0,+1) and the crack face l (contour CA1BA2C), besides the inﬁnite boundary,
compose the whole boundary of the problem investigated in this paper.
Certainly, this is an antiplane boundary problem. The subscript z and the symbol z represent the z-component of a Carte-
sian coordinate and a complex variable, respectively. Since z-directional displacement w outside the core region of the dis-
location satisﬁes the Laplace equation, the conformal mapping method can be employed to solve this problem. By employing
the analytic mapping functionz ¼ xðfÞ ¼ ðf2  a2Þ1=2; ð1Þ
which is a single-valued branch in the plane cut along L, the upper region s+ and the lower region s in the complex z-plane
are mapped into S+ and S in the complex f-plane, respectively. Furthermore, the contour CA1BA2C of the crack in the z-plane
is mapped one-to-one correspondently into the contour C0A01 B
0A02C
0 of the new crack in the f-plane with the same surround
direction.
However, A01 and A
0
2 are the real tips of the new crack, while C
0 and B0 are pseudo tips. This fact prevents us from applying
the classical theory of Hilbert singular integral equations. Therefore, a new method is suggested for solving the present
boundary problem.
The displacement is expressed in terms of an analytic function f^ ðzÞ according to (Muskhelishvili, 1975), where
wj ¼ Ref^ jðzÞ. The subscripts j = u,l attached to the displacement variable w, shear modulus G, functions f^ and F, and crack
tip stress intensity factors K and k stand for the material type shown in Fig. 1.
Denote f^ 0jðzÞ ¼ df^ j=dz and putFjðfÞ ¼ f^ 0jðzÞ ¼ f^ 0jðxðfÞÞ; j ¼ u; l: ð2Þ
The mapping function x is given by Eq. (1), and is an analytic branch function over the f-plane with a cut line of a < f < a.
Thus it follows the out-of-plane shear stresses:sxzj ¼ Gj Ref^ 0jðzÞ ¼ Gj
1
2
FjðfþÞ þ FjðfÞ
 
; fþ 2 Sþ; f 2 S; j ¼ u; l; ð3Þ
syzj ¼ Gj Imf^ 0jðzÞ ¼ Gj
1
2i
½FjðfþÞ  FjðfÞ; fþ 2 Sþ; f 2 S; j ¼ u; l; ð4Þwhere f+ and f conjugate to each other, and thus symmetric about the real axis n shown in Fig. 1(b). A bar over a variable
indicates the conjugate of that variable.
On the interface l0, the displacement is continuous, that is, wuð~zÞ ¼ wlð~zÞ;~z 2 l0. This leads to
w0uð~zÞ ¼ w0lð~zÞ;~z 2 l0:Therefore, we haveFuðtþÞ þ FuðtÞ ¼ FlðtþÞ þ FlðtÞ; t 2 L0:
Here variable t is the coordinate on the real axis in the f-plane.
Similarly, the continuous condition of the shear stress syzj on the interface l0 results inGu½FuðtþÞ  FuðtÞ ¼ Gl½FlðtþÞ  FlðtÞ; t 2 L0:
Grouping the functions relating to t+ and t in the two equations above yieldsFuðtþÞ  FlðtþÞ ¼ FlðtÞ  FuðtÞ ¼ gðtÞ; t 2 L0; ð5Þ
GuFuðtþÞ þ GlFlðtþÞ ¼ GlFlðtÞ þ GuFuðtÞ ¼ hðtÞ; t 2 L0; ð6Þwhere both g(t) and h(t) are unknown functions.
2.2. Solution for complex potentials
Applying the expressions for the shear stresses given in (Hirth and Lothe, 1982: P60–61) in the Eqs. (3) and (4), we haveFuðfÞ ¼ f^ 0uðzÞ ¼
bz
2pi
1
z z1 
1
z z2
 
þ   Here we write out explicitly only the singular part, which is the solution of the problem of a boundless homogeneous mate-
rial. Substituting Eq. (1) into the above expression leads to:FuðfÞ ¼ bz2pi
X2
j¼1
zj
fj
 ð1Þ
jþ1
f fj
þ    ð7Þwhere the valuable fj is derived from Eq. (1):
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In expression Eq. (7), only the singular terms are explicitly written out because they are the principal parts of Fu(f).The non-
singular term is unknown and can be determined by using the solution of the problem.
Solving Eqs. (5) and (6), we obtainFuðfÞ ¼ 1Gu þ Gl ½GlgðfÞ þ hðfÞ; FlðfÞ ¼
1
Gu þ Gl ½GugðfÞ þ hðfÞ; f 2 S
þ; ð9Þ
FuðfÞ ¼ 1Gu þ Gl ½GlgðfÞ þ hðfÞ; FlðfÞ ¼
1
Gu þ Gl ½GugðfÞ þ hðfÞ; f 2 S
; ð10ÞThe crack surface l on the z-plane, or L on the f-plane, is free, sosxzj ¼ 0) Gj 12 Fjðf
þÞ þ FjðfÞ
  ¼ 0; j ¼ u; l:
Generally, this equation is not valid on the interface. Substituting Eqs. (9) and (10) into the above equations givesgðtþÞ  gðtÞ ¼ 0; t 2 L; ð11Þ
hðtþÞ þ hðtÞ ¼ 0; t 2 L: ð12ÞEqs. (11) and (12) are standard equations of Riemann–Hilbert boundary problem.
Bearing in mind that the functions are singular at the coordinate system’s origin O, where the corresponding real crack
tips are located, while equal to zero at inﬁnity in the f-plane, and using expressions Eqs. (7), (9), (10), (5), (6) and (11), (12),
we obtaingðfÞ ¼ bz
2pi
X2
j¼1
zj
fj
 ð1Þ
jþ1
f fj
þ zjfj
 ð1Þ
jþ1
f fj
" #
þ A
f
; ð13Þ
hðfÞ ¼ G1bz
2pi
X2
j¼1
zj
fj
 ð1Þ
jþ1
f fj
 zjfj
 ð1Þ
jþ1
f fj
" #
þ h0ðfÞ: ð14ÞHere A is an arbitrary complex constant to be determined later. The unknown function h0(f) is singular at f = 0 and ap-
proaches zero at inﬁnity.
Using expression Eqs. (13) and (14), solving Eqs. (11) and (12) by extending the Muskhelishvili method (Muskhelishvili,
1975), we obtain after lengthy calculations thathðfÞ ¼ Gubz
2pi
XðfÞ
X2
j¼1
ð1Þjþ1z2j
f fj
 ð1Þ
jþ1z2j
f fj
" #
þ XðfÞPðfÞ; ð15ÞwhereXðfÞ ¼ ðfþ aÞ1=2ðf aÞ1=2f1; ð16Þ
and P(f) is a polynomial. This function is a single-valued branch over the whole plane with the slit along L.
Due to the factor f1, the function X(f) set here differs from the Plemelj function used in other works where Riemann–
Hilbert boundary problems are treated, such as in (Muskhelishvili, 1975). The factor f1 can well model the singularity of
the physical ﬁelds at the crack tip and does not contradict to Plemelj’s theorem. The method developed here can also be
widely employed to analyze the problems of a boundary containing sharp corners by mapping the complex boundary into
smooth lines or curves.
The displacement is single-valued, soI
c
@w
@s
ds ¼ 0;where c is the contour of the crack in the z-plane. Substituting expressions Eqs. (1) and (2) into this equation, we haveI
C
gðtÞx0ðtÞdt ¼ 0: ð17ÞHere C is the contour of the crack in the f-plane. Employing Eq. (13) into the above equation leads toA ¼ i bz
p
Re
z1
f1
 z2
f2
 
: ð18ÞBecause there is no source at inﬁnity, we can conclude that as f?1, h(f)? 0. Consequently, the appropriate form for the
polynomial P(f) in expression Eq. (15) is
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where B and C are constants.
Now we consider the behavior of the shear stress sxzu in the vicinity of z = 0, namely, f? ±a ± 0. Obviously, both g(f) and
h(f) are continuous across the interface L0. Therefore, by substituting expressions Eqs. (9) and (10) into expression Eq. (3) and
then using expressions Eqs. (13), (15), (18), (19), we obtainsxzujz!þ0 ¼
Gu
Gu þ Gl 
1ﬃﬃﬃ
2
p
a3=2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
f ap 
Gubz
2pi
X2
j¼1
ð1Þj  z
2
j
a fj
þ
z2j
a f2j
 !
þ Baþ C
" #
:To eliminate the singularity of the shear stress sxzu as z? +0, or f? a + 0, the terms in square brackets should be equal to
zero, that is,Gubz
2pi
X2
j¼1
ð1Þj  z
2
j
a fj
þ
z2j
a f2j
 !
þ Baþ C ¼ 0: ð20ÞSimilarly, we have the equation for z? 0, or f? a  0, i.e.Gubz
2pi
X2
j¼1
ð1Þj z
2
j
aþ fj

z2j
aþ f2j
 !
 Baþ C ¼ 0: ð21ÞCombining Eqs. (20) and (21) and solving them, we haveB ¼ 0; C ¼ Gubz
p
Imðf1  f2Þ: ð22ÞIt follows that the ﬁnal expressions for the functions g(f) and h(f) aregðfÞ ¼ ibz
2p
X2
j¼1
ð1Þj zj
fj
 1
f fj
þ zjfj
 1
f fj
 
þ ibzpf Re 
z1
f1
þ z2
f2
 
; ð23Þ
hðfÞ ¼ iGubz
2p
XðfÞ
X2
j¼1
ð1Þj z
2
j
f fj

z2j
f fj
" #
þ XðfÞGubz
p
Imðf1  f2Þ: ð24ÞAt this stage, all the unknown functions and unknown constants are determined. By viewing the two expressions just
obtained, we can conclude that the potential function g(f) corresponds to the displacement ﬁeld, while h(f) to the stress ﬁeld.
Taking notice of the relation X+(f) = X(f) at L, we can easily verify that the boundary Eqs. (9) and (10) are satisﬁed by the
complex potentials g(f) and h(f).
2.3. Stress ﬁelds
By using the expressions Eqs. (9) and (10) in expressions Eqs. (3) and (4), the complex stress ﬁelds can be expressed in
terms of the complex potentials g(f) and h(f), i.e.sxzu ¼ Gu2ðGu þ GlÞ Gl½gðf
þÞ  gðfÞ þ hðfþÞ þ hðfÞ	 
; ð25Þ
sxzl ¼ Gl2ðGu þ GlÞ fGu½gðf
þÞ þ gðfÞ þ hðfþÞ þ hðfÞg; ð26Þ
syzu ¼ iGu2ðGu þ GlÞ fGl½gðf
þÞ þ gðfÞ þ hðfþÞ  hðfÞg; ð27Þ
syzl ¼ iGl2ðGu þ GlÞ fGl½gðf
þÞ þ gðfÞ  hðfþÞ þ hðfÞg: ð28Þwhere f+ 2 S+, f 2 S.
According to expressions Eqs. (25) and (26), the shear stresses sxzu and sxzl on the crack surface L are equal to zero because
of Eqs. (11) and (12). While Eq. (12) holds true due to the relation X+(f) = X(f) at L, as is stated in the previous section. On
contrary, however, the values of the stresses sxzu and sxzl at the front of the crack tips are thoroughly different. Actually, they
are singular as will be analyzed in the next section.
Worthwhile to mention, although f+ and f are conjugate to each other, the real part of the sum g(f+)  g(f) is not equal
to zero because g(f+) and g(f) are not conjugate to each other. The later conclusion can be easy understood by analyzing the
structure of expression Eq. (23) for function g(f+).
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The stress intensity factors at the tips of the crack in material u and material l, respectively, are computed asFig. 2.
anglesK IIIu ¼ lim
y!aþ0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2pðy aÞ
p
sxzu ¼ lim
f!þ0i
ﬃﬃﬃ
p
a
r
 f
i
sxzu;
K IIIl ¼ lim
y!a0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2pðy aÞ
p
sxzl ¼  lim
f!0i
ﬃﬃﬃ
p
a
r
 f
i
sxzl:Substituting Eqs. (23) and (24) into Eqs. (25) and (26) and employing expression Eq. (15) yieldsK IIIu ¼ GuGlbzﬃﬃﬃﬃﬃﬃpap ðGu þ GlÞ Re 
z1
f1
þ z2
f2
 
þ Gu
Gl
aIm  1
f1
þ 1
f2
  
; ð29Þ
K IIIl ¼ GuGlbzﬃﬃﬃﬃﬃﬃpap ðGu þ GlÞ Re 
z1
f1
þ z2
f2
 
þ aIm  1
f1
þ 1
f2
  
: ð30ÞBy using Eqs. (29) and (30), it is easy to verify that as either the crack is extended to inﬁnity or the dipole center is located
at inﬁnity, or both, the crack stress intensity factors vanish to zero, i.e.lim
a!1
K IIIj ¼ 0 ðj ¼ u; lÞ;
limImf1!1
Imf2!1
K IIIj ¼ 0 ðj ¼ u; lÞ:Obviously, KIIIu differs considerably from KIIIl in their expressions, although they have the same factor in which the materials’
shear moduli Gu and Gl are in symmetry in the expression, namely, the product GuGl and the sum Gu + Gl. Both the terms in
the square brackets of the expression Eq. (30) are independent on the twomaterials’ properties. In the other hand, the second
term in the square brackets of the expression Eq. (29) is dependent on the material property ratio. The difference of the two
intensity factors owes to that the dislocation dipole is only located in material u.
The relation between intensity factor KIII and the crack length parameter a is more complicated than that in the relevant
fracture cases where there is no dislocation dipole present. In the expressions Eqs. (29) and (30), the second terms with a
factor a (crack length) in the square brackets represent at some extent the interaction between the crack and the dislocation
dipole.
If the dislocation at z2 does not exist, what is solved in this section will become the problem in (Ouyang and Lee, 1996).
Therefore, after the terms containing 1/f2 and z2/f2 have been eliminated, formulae Eqs. (29) and (30) are expected to express
the crack tip stress intensity factors of (Ouyang and Lee, 1996).
Fig. 2 shows the variation of stress intensity factors KIIIu and KIIIl of the crack tips versus the semi-distance c between the
two dislocations, when the dislocations dipole center lies in line with the crack line and in the vicinity of the upper tip of the
crack, i.e. point A1 in Fig. 1(a), and the shear moduli have the relation Gl = 0.5Gu. We conclude from the computation that if
replacing the span angle a = p/2 with a = p/2, the values of intensity factors KIIIu and KIIIl will change from positive to neg-
ative and vice verse. The effect of the semi-distance c between the two dislocations on the intensity factor KIIIl of the lower
crack tip is negligible, compared to that on the intensity factor KIIIu of the upper crack tip which is nearby the dipole.0.00 0.01 0.02 0.03 0.04 0.05
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The normalized stress intensity factors KIIIu, KIIIl as the functions of normalized semi-span c between two dislocations with different orientation
a of dislocation dipole, where Gl/Gu = 0.5, b = p/2, d/a = 1.05.
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and the dislocation (at z2) with negative Burgers vectorsbz, the intensity factor KIIIu has negative values. The absolute value of
the intensity factor KIIIu is a monotonically increasing function. Moreover, it is small, it rises slowly as the two dislocations are
close to each other (thequotient of thedislocationdipole’s semi-spanand the crack’s semi-length is c/a < 0.04), but it rises shar-
ply as the twodislocationsare far apart (0.05 > c/a > 0.04) and the lowerdislocation is located closer to theupper tip of the crack.
The intensity factor KIIIu even becomes inﬁnite as the dipole approaches the upper tip of the crack, i.e. c? (d  a)  0.
These results are rather different from those of the case where the two dislocations lie in a line perpendicular to the crack
line (a = 0). The stress intensity factor KIIIu takes positive values, and increases rapidly before the critical point c/a  0.0074,
but decreases slowly after this point.
An asymmetric source case is shown in Fig. 3. Variation curves of the normalized stress intensity factors ku and kl versus
the normalized dipole polar radius d/a are plotted in this chart as the polar angle b of the dipole location, a, c, and Gl/Gu are all
deﬁnite. As the normalized dipole polar radius d/a is increasing, both ku and kl vary dramatically: they undulate, and they
may be positive or negative. ku is much larger than kl as 0 < d/a < 1.6, especially ku peaks, with a positive value, at d/
a  0.86. After d/a > 2, ku and kl are almost the same, and are negative and small.
The above discussion is based on the condition that the lower material is softer than the upper material (Gl = 0.5Gu). How-
ever, similar results for the stress intensity factors KIIIu and KIIIl can be obtained according to our computation in the case of
the bimaterial where Gl > Gu.
2.5. Image forces and image torque on dipole center
Image force and image torque are deﬁned as acting on the dipole center, and measured by per unit length. They are
important parameters reﬂecting the interaction between dislocation dipole and the crack. The image force and the image
torque cause the dipole’s translation and rotation, respectively. They can be calculated directly by using Peach–Koehler for-
mula. Here we use the method of Stagni (1993), which results inFig. 3.
Gu = 0.5fx  ify ¼ GubzpðGu þ GlÞ
i
2ðf1  f2Þ

Gu  z
2
1
z2f2
þ z
2
2
z1f1
 
þ Gl  z1f1
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5712 W.S. Xiao, C. Xie / International Journal of Solids and Structures 45 (2008) 5705–5715where fx and fy are the force components in the x-axis and y-axis direction, respectively, and M is an image Torque.
As the dipole is located at inﬁnity, the image forces and the image torque are expected to vanish to zero. This can be ver-
iﬁed by taking the limits of Eqs. (31) and (32). Thus, putting jImzj j?1 (j = 1,2) in Eqs. (31) and (32), we obtain fx  ify? 0
and M? 0, respectively.
The variation of the image forces and image torque are shown in Figs. 4 and 5, respectively.
As is illustrated in Fig. 4, all the image forces change slowly as the distance d, between the dislocation dipole center and
the crack center, varies from 2 to 30 times as big as the crack length a. The magnitude of the vertical components fx of the
dipole’s image forces are very small compared to horizontal ones fy. As the dipole center’s linking line lies vertically and the
dislocation of positive Burgers vector is located at the bottom of the dipole, the magnitude of the horizontal component of
the image force is also very small. In the cases other than this one, the horizontal components of the image forces are much
greater. They will vanish as the dipole lies far away from the crack (d/a?1) according to our computation, however not
plotted here. The negative horizontal and vertical image forces drive the dipole to move in the negative x-direction and neg-
ative y-direction, respectively.
The image torques change dramatically, as shown in Fig. 5, as the dipole lies nearby the crack centre, namely, before the
ratio d/a reaches about 2.5. As the ratio d/a continues to increase after that value, image torquesM change slowly and vanish
ﬁnally. The negative image torque causes clockwise rotation around the axis perpendicular to the page plan.
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It seems difﬁcult for methods of the reviewed references to be used in solving the problem of this section. Now, we em-
ploy the technique developed in previous section to analyze the interaction of a concentrated force and a mode-III crack
breaking the interface of bimaterial.
Replace the dislocation dipole at z0 in Fig. 1 with a concentrated force of magnitude Q and direction pointing outwards of
the page. Deriving similarly as in Section 2, we haveFig. 6.
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: ð36ÞIt is easy to obtain from Eqs. (35) and (36) that asa?1, K IIIu ¼ Oð1=
ﬃﬃﬃ
a
p Þ ! 0 and K IIIl ¼ Oð1=
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a
p Þ ! 0. These results are rea-
sonable. Because as a?1, the whole bimaterial becomes two pieces without any connection, so there is no crack Taking the
limits of Eqs. (35) and (36)y0 !1 : z0 ¼ x0 þ iy0  iy0; f0 ¼ ðz20 þ a2Þ1=2  iy0;
we have KIIIu? 0 and KIIIl? 0 once again. That is, as a concentrated load is located at inﬁnity, its effect on the crack vanishes.
This result is also reasonable although it is quite distinct from that of the cases where the load is distributed on a line at
inﬁnite position. It is well known to us all that, as the load is not a concentrated force but a distributed load over an inﬁnite
line at inﬁnite position, the stress intensity factor is non-zero. There is an essential difference between the two types of the
problems: the magnitude of a concentrated force is ﬁnite, however, the magnitude of the result force of a distributed load is
inﬁnite. It is this difference that distinguishes the results of the two problems.
Considering expression Eq. (8), both z0 and f0 are imaginary as the concentrated force is located at the extended line of the
crack. Therefore, using expressions Eqs. (35) and (36), we know that both the stress intensity factors KIIIu and KIIIl are equal to
zero. For the other cases, where the concentrated force is leaving the crack line, the stress intensity factors versus position
coordinate of the concentrated force are plotted in Fig. 6 according to formulae Eqs. (35) and (36). Referring to the feature of0 3
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The normalized stress intensity factors KIIIu, KIII2 as the functions of normalized distance d between the concentrated load and the crack center with
given values of the polar angle b of load position. Where Gl/Gu = 0.5.
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proaches the crack tip but does not lie on the crack line, the nearby crack tip stress intensity factor KIIIu increases steeply
to inﬁnity. As the concentrated force is located at the position far away from the crack, all the stress intensity factors de-
crease gradually. Generally speaking, the stress intensity factor KIIIu of the closer crack tip is always greater than that of
the farther one.
4. Conclusions
From the above investigations and discussions, the following conclusions can be obtained:
(1) A novel method of potential widely application is developed to investigate the interactions of a crack cutting across
the biomaterial interface with a screw dislocation dipole, and of that with a concentrated force load. The cross line
composed of the interface and the crack was mapped into a line, and then the complex potentials were derived by
analyzing their singularities. The Muskhelishvili method was extended by creating a Plemelj function that not only
matches the singularity of the real crack tips but also eliminates the pseudo tips’ singularity induced by the conformal
mapping. After solving the Riemann–Hilbert boundary value problem, the stress ﬁeld is expressed. The stress intensity
factors, image forces and image torque on the dipole were formulated according to the stress ﬁeld expressions. The
crack–force interaction is probably difﬁcult to be solved by methods of the articles referred above.
(2) The validity of the method developed in the present paper and the correctness of our results were veriﬁed by the rea-
sonable behave of our solutions as values of the parameters approach their limits. It was also veriﬁed by comparing
our result with the other else’s.
(3) Both the remote dipole and the remote concentrated force have little inﬂuence on the crack stress intensity factors.
(4) As the centers of the dipole’s two dislocations lie in line with the crack line, the two crack tip intensity factors keep the
same signed values (in Fig. 2). However, in the asymmetric case (in Fig. 3), where the dipole center are not located on
the crack line, both the normalized crack intensity factors ku and kl undulate, and they may be positive or negative
depended on the normalized dipole polar radius d/a. The dislocation dipole interacts substantially with the crack
tip located close to it. It is found that not only the image force, but also the image torque are exerted on the dipole.
Consequently, both the translation and rotation must be considered in the static equilibrium of the dipole system.
Whether the stress intensity factor induced by the dipole at the crack tip increases or decreases depends on the center
distance d between the dipole and the crack, the dipole span length c and the span angle a. Generally, the horizontal
image force exerted at the center of the dislocation dipole is much smaller than the vertical one. The dipole may be
attracted or rejected by the crack, and it is also dependent on d, c and the angle a. Whether the dipole may subject to
clockwise torque or anticlockwise torque depends on whether the crack-near dislocation of the dipole has positive
Burgers vector or negative one.
(5) Interesting result is obtained for the interaction of the crack-load system. The concentrated load induces no singularity
to crack tip stress ﬁelds as the load is located at the crack line. On the other hand, however, as the concentrated force
approaches the crack tip but does not lie on the crack line, the nearby crack tip stress intensity factor KIIIu increases
steeply to inﬁnity.
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